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General Solution of the Rigid Body
Impact Problem

G G Herzn*
Philco Corporation,t Palo Alto, Calif

Nomenclature

coefficient of restitution
time

¢ = velocity of compression at any time

C, = initial velocity of compression

F = frictional force imparted to body 1

I, = impulse imparted to body 1 by frictional force
Iy = impulse imparted to body 1 by normal force

N = normal force imparted to body 1

8 = velocity of sliding at any time

S = initial velocity of sliding

I = coefficient of friction

k = radius of gyration

u,w = components of velocity of ¢ g of the body
x,y = components of distance of ¢ g from point of impact
M = mass

2 = angular velocity

Subscripts and superscripts

1 = refers to body 1

2 = refers to body 2

() = value before impact

( ) = value during or after impact

Introduction

N solving many technical problems involving impact,?

it is permissible to neglect the frictional forces because the
elastic forces between the bodies are much larger and the
duration of the impact is very short It is only necessary
to consider the degree of elasticity of the impact There-
fore, the solution of these problems is considerably simplified

In the problem of impact of two rigid bodies at relatively
small velocities and/or shallow angle of approach, the influ-
ence of the friction becomes significant The presented solu-
tion of this problem involves analyzing the entire course of
an eccentric impact in a diagram whose coordinates are com-
pression and friction impulses

The general problem of impact was extensively analyzed
in the 19th century by Poisson, Coriolis, Phillips, Routh,
and others The presented method is based upon the simi-
larly titled analysis performed by Routh?in 1860

The method is applicable for andlyzing the impact associ-
ated with problems such as docking maneuvering of space-
craft, investigations of the lunar surface (determining the
coefficients of restitution and elasticity of the lunar surface),
skid landing on terrestrial and planetary surfaces, head-
on and oblique automobile collisions, ete

For simplicity, we consider the impact of two two-dimen-
sional bodies with arbitrary initial conditions (see Fig 1);
the analysis can be extended to three-dimensional bodies
The bodies are rigid, except at the immediate vicinity of the
impact

Dynamic Equations
The equations of conservation of linear and angular mo-
mentum of the two bodies are
M1<u1/ - ul) = _]F (1)

My’ —w) =Ix #))
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Fig 1 Eccentric im-

pact of bodies Ie

Mk (@) — w) = —Ipy — Int 3
Mo(us’ — up) = Iy 4)

Mooy’ — vy) = —1Iy (5)

Mokes¥ (' — wo) = Iy — Ipy, (6)

Equations (1-6) contain eight unknowns: w’, v/, w’
us', v’y wo’, Iy, and Iy The total values of I» and Iy wili
be determined by a graphical method

The impulse due to normal pressure is given by

Iy = ﬁotth

and the coefficient of restitution is

¢ = fl:’th/ﬁ:ath

Iy increases throughout the duration of the impact (see
Fig 2)

As I'y proceeds from zero to its final value, the impulse due
to friction pressure Ir proceeds by either dIiy = = udly,
or dlp is just sufficient to prevent sliding either in the same
or in the opposite direction (hence called forward and back-
ward direction) in which the bodies were sliding at the time
that impact started The appropriate relationship of I to
Iy at any time during the impact will be established later
in the discussion of the various types of impulse diagrams
The coefficient of friction y will be considered throughout
this report to have initially a higher value u tae:. and gradually
change to a constant value of the (dynamic) coefficient u,
although the method does not impose this restriction

Velocity of Sliding and Compression

The wvelocities of sliding and compression at any time
during, or at the end of the impact, are obtained considering
the translation and rotation of the impacting bodies:

S =+ wl’]/] — uy' + w21y2 (7)

C =0 — wrs— v + o'z (8

Fig 2 Normal force vs time




960 ATAA JOURNAL

The initial velocities of sliding and compression are deter-
mined by the initial conditions, and we have

S = w + oy — Uz + wolpp O]

Co = vy — wls — vy + Wiy (10

Substituting Egs (1-6, 9, and 10) into (7) and (8), we get
S=8 —alr — cly (11)

C=0Co—cly —bly (12)

where we introduced the following constants that are inde-
pendent of the initial motion:

_ L, 1 »? L
=t L T ke T ke
IR SR
b= M, + M, + M k2 + Moky? (13)
Z1l TY2

€= ﬂ[lklz M2k22

Impulse Diagrams

The graphical method for determining the total normal
and frictional impulse consists of analyzing the entire course
of the impact in a diagram with coordinates I» and I'» (hence
called impulse diagram) The relation between Iy and Iz
at any time during the impact is given by the representative
point in Fig 3 At the beginning of the impact, the repre-
sentative point is at the origin  From this location it pro-
ceeds along a path whose tangent, in relation to the Iy axis,
is equal to the coefficient of friction The various possible
paths of the representative point, beyond the point indicated
in the figure, will be discussed in the next section The rep-
resentative point can move only upward in the diagram, since
Iy increases with time throughout the duration of the im-
pact, even when the force N decreases, as shown in Fig 2
On the other hand, the representative point can move at any
time in the positive or negative Ir direction corresponding
to the direction of the frictional force

By setting the left sides of Eqs (11) and (12) equal to zero,
we obtain the equations of the no-sliding line and of the line
of maximum compression:

In = (So/c) — (a/c)Ir (14)
Iy = (Co/b) — (¢/b)Ir (15)

The slopes of the lines defined by Eqs (14) and (15) depend
upon the constants of the system given in (13) and are inde-
pendent of coefficient of friction of the system The no-
sliding line is always steeper than the line of maximum com-
pression  The no-sliding line divides the diagram into regions
of “forward” and “backward” sliding Since the represen-
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Fig 3 Impulse diagtam: ///// region of bodies sliding in
“forward’’ ditection; \\\\region of bodies sliding in ‘““back-
ward’’ direction
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Fig 4 Types of impulse diagrams (S-S no sliding line; C C
line of maximum compression; and 0-2 path of the repre-
sentative point): a) impacting bodies slide in ““forward?’
direction through the duration of the impact; b) 0-1 slid-
ing in forward direction, 1-2 friction prevents tendency to
sliding in forward direction; c¢) 0-1 sliding in forwa:d
direction, 1-2 friclion prevents tendency to sliding in
forward direction; d) 0-1 sliding in forward direction, 1-2
sliding in backward direction

tative point can move only upward, it can cross the no-sliding
line only once during the impact, i e , the direction of sliding
of the bodies can reverse only once at the most This is in
agreement with energy considerations

Types of Impulse Diagrams

In the following, we consider the path of a representative
point beyond the point that was discussed in conjunction
with Fig 3 and its relationship to the lines of no-skidding
and of maximum compression

If the representative point does not intersect the “no-sliding
line,” as shown in Fig 4a, then the direction of sliding is the
same throughout the impact This situation is encountered
in the analysis of phenomena such as skidding, landing, and
oblique automobile collisions The termination of the im-
pact occurs when Ix is equal to (1 4 ¢) multiplied by the
value of Iy at the intersection of the path of the representa-
tive point and the line of maximum compression The
coordinates Iy and 7 of the point corresponding to the ter-
mination of the impact are the total impulse communicated to
body 1 by normal and frictional forces

Alternatively, if the path of the representative point inter-
sects the ‘‘no-sliding line,” it proceeds therein from one of the
two possible paths

1) Friction necessary to prevent sliding in either forward
or reverse direction is less than sliding friction u, and the
bodies continue to roll (Figs 4b and 4¢) The difference
between these cases is the section 1-2 of the path; the value
of I'r continues to increase in Fig 4b, whereas in Fig 4c,
Iy decreases In other words, friction prevents the tendency
to sliding in the first case in the forward direction, in the latter
case in the backward direction

2) The sliding of the bodies reverses since friction necessary
to prevent sliding in the backward direction is larger than
sliding friction

The representative points corresponding to the termination
of the impacts described in Figs 4b, 4c, and 4d are found in
the same way as discussed in the case of those described
in Fig 4a



MAY 1964

Solution of the Dynamic Equations

The linear and the angular velocities of the bodies just
after the impact can be caleulated from Eqgs (1-6), using the
values of Iy and I'r determined by the graphical method

The graphical method and the solution of the equations
are suitable for programming on a digital computer, and,
thereby, it is possible to examine rapidly a large number of
possible impacts

Refeiences
! Timoshenko, S and Young, D H Advanced Dynamics
(MeGraw-Hill Book Co, Inc, New York 1948)
2 Routh E J The Elementary Part of Dynamics of a System of
Rigid Bodies (‘The Macmillan Co, New York, 1905)

A Note on ‘‘Pressure Distribution for
Hypersonic Boundary-Layer Flow”

M S Sastry*
Indian Institute of Technology, Kanpw , India

HE pressure distiibution of Ref 3 is improved here to

represent, more accurately, the two cases of strong and
weak hypersonic boundary-layer interaction phenomena for
the derived flat-plate case from the wedge Incidentally,
this also happens to be the pressure distribution of Hayes
and Probstein? for the inviscid case The suitability of this
pressure distribution for the viscous case can also be seen here

Analysis
From shock relations, we have
P, — P, 2’)’ .
— = — '— (M?sin% — 1
2 Y+ 1 (M,* sin ) &y
. v+ 1 sind sinA
“/I 2 20 __ 1 — 2
(M,? sin%0 ) ) M, cos(® — A) @)
sinA = (1 — ¢) sinf cos( — A) (3)
where
P, = pressure behind the shock wave
P, = freestream pressure
¥ = specific heats ratio
M; = freestream Mach number
0 = shock angle
A = deflection angle

density ratio = (y — /(v + 1 + 2/[(v + 1)
M2 X sin?8]
To satisfy the asymptotic conditions at » = 4 o (x being
the surface coordinate), let

6 =6+ 6
A=A0+A1

where 6, and A, are shock and deflection angles for the in-
viseid case, and 6, and A; correspond to shock and deflection
angles for the viscous case; and so, after approximating
cos(f@ — A) = 1, we have from relations (1-4)

#)

E —1 = yM,? sin?(A, + Ay) ®)
P1 1 — Y — 1 + 2 }
vy+1 (v + 1)M,2sin2(6, + 6,)

where Ps! is the pressure on the boundary layer
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The pressure distribution in relation (5) for the inviscid
case, as represented by Hayes and Probstein,? is
P, YM,? sin?A

oMY ATy

(6)

Before discussing the pressure distribution (5) further, we
derive here the relations between 8, and A, for the special
flat-plate case, placed along the freestream direction, from
relation (3)

For the viscous case [Eq (3)], we have

(Ao + A1) = (6 + 6) X

[1-131- 2 ]
v+ 1 (v + HM2(6:% 4 206, + 6,
where
sin(Ag + A) = (Ag + A)
sin(fy + 6;) =~ (6 + 6,)

Relation (7), for the special case of 8, =~ sin=1(1/M;) and A, =
0, gives

]lLAl = (1 + JI,01) ><

2 2
[7 +1 (y+ DA+ 2M6, + Ml?w):l

T R —
Y + 1 (1 + 2ﬂ'[101 + 11[12012>
8)

For the strong interaction case of M,6 > 1, we have from
relation (8) that

= {1+ M.8) {

Ao~ [2/(y + 116 9
For the weak interaction case of 3,8, « 1, we have from re-
lation (8)
ﬂ’llﬂl = (1 +~J|1161) “2— ><
- ly +1

[T — (1 —2M.6, — 3%, + )]}

2
= (]_ + .'][101) {m 1]1101[2 + J]lel - ]\}
Therefore,
4

Hence, from pressure distribution (5), we have for the plate
case
Pyt ’YAW12A12

P T B/ D10 — W 20 6]

(11)

For the strong interaction case we have, from relations (9)
and (11)

P, vk?

—_— 1 —
Py 2 <1 _ 1 )
y+1 {14+ (v + Dk 4+ (v + 1)/21%2}
where & = M,A; and which, for & > 1, becomes
Pt/P =1+ [y(y + 1)/2]F (12)

For the weak interactions case, we have, from relations (8)



